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Abstract: Both state-based and observer-based output feedback event-triggered controls for continuous-time switched linear
systems are studied. An improved event-triggered sampling mechanism is adopted in feedback control, under which Zeno
behaviour can be easily excluded in sampling process. Meanwhile, it is shown that the closed-loop switched system is stable in
the sense of global uniform boundedness satisfying an average dwell time condition. A numerical example is finally given to

verify the developed results.

1 Introduction

A switched system is usually composed of a family of continuous-
time or discrete-time subsystems and a switching law which
orchestrates switchings between the subsystems. The past two
decades have seen lots of research activities focusing on the study
of switched systems (see [1-11] and references therein) since many
practical systems have to be modelled as switched systems, e.g.
chemical processes, switched resistor—inductor—capacitor circuits
and intelligent transportation systems. Most of the existing
references study conventionally continuous feedback control of
switched systems which requires signals to transmit continuously
all the time. However, from a practical implementation point of
view, controller is often implemented on a digital platform.
Discrete signal transmission demonstrates its superiority due to the
lower costs and the higher transfer efficiency. Periodic sampling
and event-triggered sampling schemes are therefore used to control
physical plants (see e.g. [12-15]). Event-triggered control is a
control strategy in which control task is executed after the
occurrence of an external event. Several event-triggered control
strategies have been developed for different kinds of non-switched
control systems (see e.g. [16-26]).

Recently, periodic sampling and quantised measurements
method is developed to stabilise a switched linear control system in
[27]. Wakaiki and Yamamoto [28] proposes a stability analysis
method for periodically sampled-data switched linear systems with
finite-level static quantisers. Fu et al. [29] extends the result of
periodic sampling control to a switched linear neutral system.
Periodic sampling control is in fact time-triggered control scheme,
in which the inter-event times are constant. Fixed sampling period
can help simplify the analysis of closed-loop system and the design
of controller but may lead to a waste of computation resources
regardless of the change in system operating. Event-triggered
control can mitigate the unnecessary waste of computation
resources and communication. The authors in [30, 31] propose
event-triggered control of switched linear systems. Qi and Cao [32]
considers finite-time event-triggered H, control for switched
systems with time-varying delay. Ma et al. [33] proposes event-
triggered dynamic output feedback control schemes for switched
linear systems. Although event-triggered control schemes of
switched linear systems are studied in [30-33], positive lower
bounds on inter-event interval derived from them are rough. In
event-triggered control, the execution of control tasks occurs in
non-fixed period and inter-event intervals are varying. Therefore,
an infinite number of events may generate in finite time (the so
called Zeno behaviour) [34]. Zeno behaviour needs to be avoided
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since it can make event-triggered control scheme infeasible for
practice implementation [14].

Motivated by the above analysis, we study event-triggered
control of continuous-time switched linear systems. The
contribution of this paper lies in twofold. (i) We adapt an improved
event-triggered control mechanism and apply it to a switched linear
control system and derive a lower bound of minimum inter-event
interval to exclude Zeno behaviour in event-triggered sampling
process. (ii) We develop both state-based and observer-based
output feedback controls for the switched control system to achieve
its global uniform boundedness condition. The material in this
paper was partially presented in a conference paper [35]. This
paper corrects mistakes and completes results on stability analysis
in [35] and further improves the structure of the paper.

The rest of the paper is organised as follows. Section 2 gives
problem statement. Sections 3 and 4 construct event-triggered
sampling mechanisms based on both system state and observer
state and give stability analysis of closed-loop switched systems,
respectively. A lower bound of the minimum inter-event interval is
derived to guarantee that there is no Zeno behaviour occurring on
event-triggered control process in Section 5. Section 6 presents a
numerical example to illustrate the advantage of the proposed
method. Finally, Section 7 concludes the whole paper.

Notations: Throughout the paper, R" denotes the n-dimensional
Euclidean space. N denotes the set of non-negative integer
numbers. For a square matrix P, PT and P! denote the transpose
and the inverse of P, respectively; P > 0( < 0) means that the
matrix P is real symmetric and positive definite (real symmetric
and negative definite); A(P) and A(P) denote the minimum and the
maximum eigenvalues of matrix P, respectively. || - || denotes the
Euclidean vector norm. || P || is spectral norm of matrix P. %B(e) is
the closed ball in R" with centre at the origin and radius e. *
denotes the symmetry part of a symmetry matrix. diag{---} denotes
a block-diagonal matrix. The notations 0 and / denote a zero matrix
and an identity matrix of appropriate dimensions, respectively.

2 Statement of the problem

Event-triggered control system considered in this paper is shown in
Fig. 1.
The physical plant is continuous-time switched linear system

x(t) = Agx(t) + B,us(t), x(0) = x, |
¥(0) = Cox(t) M
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Fig. 1 Event-triggered control system

where x(¢) € R" is system state, y(f) € R? is measurable output,
0:[0,00) > M ={1,2,...,m} is a switching signal that
orchestrates switching between subsystems, ./ is a finite index set,
A, B, Ci:i € M are known real matrices defining individual
subsystem of system (1). u; € R™ is control input of subsystem i. It
is assumed that pairs (A;, B;) and (A; C;) are controllable and
observable, respectively. Corresponding to the switching signal o,
there exists a switching sequence

{X,OZ(ZU, 1), (1), oo (1), . N € MLT € N} 2)

which means that the /th subsystem is active when ¢ € [#;,;,,) and
t; is the switching instant. Without loss of generality, we assume

that there are no state jumps at switching instants and the solution
x( - ) of system (1) is continuous everywhere.

Definition 1: Let N,(s,t) denote the number of discontinuities
of a switching signal ¢ on an interval (s,7) for V¢ > s > 0 [2].

(1) If any two switches are separated by at least 7z, > 0, i.e.
N,(t,s) <1 whent —s < 7, then 7, is called a dwell time;

(2) If Ny(t,s) < No+ ((t — 5)/7,) holds for 7, > 7; and N, > 1, then
7, is called an average dwell time.

Denifition 2: Switched system (1) is uniformly bounded if for a
constant § > 0, there exists a switching signal ¢ and a positive
constant § = f#(6) < oo, which is independent of 7,, such that

I x@) I <6= Nl x0) || <p©), Vi>1. A3)

Switched system (1) is globally uniformly bounded if (3) holds for
Vo > 0.

Lemma 1: For any real vectors u,v and symmetric positive
matrix Q with compatible dimension, the following inequality
holds:

Wy + 10T <u"Qu+ 07y, @)

3 State-based event-triggered control
3.1 Sampling mechanism

We denote the instants when an event occurs by {tAk}Z°=0 with
fr <trer and e(r) = x(t) — x(f;). The event-triggered condition is
expressed in terms of the inequality

Il e@ I = nll x() I” + & ®)

where € and 5 are positive parameters. As shown in Fig. 1, event
detector tests the triggering condition (5) continuously by receiving
state from observer to determine whether an event is generated or
not. Once an event is triggered, sampling occurs immediately. The
sampling mechanism obtains the latest state information at
sampling instants and then transmits it to controller. When an event
happens, the error e(r) is reset to zero and starts growing until it
triggers a new measurement update. We assume that the first event
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is generated at time fo = t,. With the state x(7;) sampled at time .
the next sampling instant 7y, , is determined by

tier = inf {t> 11| e@) | =5l x@) I + €} . (6)

Under the triggering condition (5), we construct a state feedback
controller. Suppose that n samplings occur on interval [7;, ¢, ,) and

fx.: is the first sampling instant on this interval. According to
switching sequence (2), without loss of generality, we assume that
subsystem i is active on interval [#;, #;, ], the piecewise continuous
controller can be set as

Kix(ty), t € [t teer)

Kix(txen), t € [tharsthsn)

=u = (N

Kix(thrn), re [tk+mli+l)
where K; is the controller gain of subsystem i.

Remark 1: We assume that the controller possess same switching
rule with switched system (1). Switching signal adopted here is
time dependent and is known a priori. It is rational to construct
controller (7) for subsystem i to form closed-loop system on
(4, ti 1]

Remark 2: The plant and the controller switch synchronously since
the switching rule depends on the dwell time. As shown in Fig. 1,
event detector possesses three functions: detector, sampler and
transmitter. The information of system state is sampled when an
event is triggered and then transmitted to controller. Detector tests
event-triggered condition continuously, but sampler and transmitter
do not work if no event occurs. The feedback loop is in fact
running in open-loop form during arbitrary two consecutive
samplings.

Controller receives the sampled state x(f;) at sampling instant 7
and holds it until the next event generates. On sampling interval
[fk, frs 1), controller only computes at sampling instant tAk. We
therefore introduce a zero-order holder to keep the control signal
continuous and assume that controller and actuator are collocated
together.

Remark 3: Piecewise continuous controllers with various forms
have been widely applied in continuous-time linear systems (see
e.g. [36, 37]. While in this paper piecewise continuous controller is
formed as a continuous step signal induced by event-triggered
sampler and zero-order holder.

3.2 Stability analysis

According to switching sequence (2), we assume that subsystem i
is active on [t;,1;,,). Suppose that n samplings occur on interval
[#,t;,1) and ka is the first sampling instant on this interval. For

V1€ [ty L), ks s Eha)s ooos Wiy lis), erTOX €(t) = X(1) = X(i1 4 ))
holds for all j=0,1,...,n. Substituting controller (7) into
subsystem 7 yields

X(t) = Ax(®) + BKix(i., )
= Aix(t) + BK(x(t) — e(1)) ®)
(A + BK)x(t) — BKie(t).

The following theorem presents main result of this section.

Theorem 1: Consider system (1) with controller (7) determined
by triggering condition (5). For given scalars > 0, > 1,6 >0
and N, > 1, if there exist matrices P;>0,P;>0 and K; for
Vi, j € A such that
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AlP;+ PBK; + PA;+ K] B[P, PBK; -

. _ 0 )

and
P; < pP;, P;<ubP; (10

then system (1) is globally uniformly bounded for any switching
signal with average dwell time satisfying z, > (In ©)/3, where 6§ > 0
can be computed from the feasible matrix solutions of (9) and (10),
and the state of system (1) exponentially converges to the bounded
region

01, ST, N
e ((u—1De"™ "+ 1) —eu
B(e) = x| x@) |l S\/ , ( 51,) (1D
miny; ¢ 4 (A(P))6(e™* — p)
Proof: Construct piecewise Lyapunov function candidate
Vit) = X (0)Px(0) (12)

where P; > 0. For r € [1;,1;,,), differentiating (12) along solutions
of system (8) and using Lemma 1 and condition (5) gives

Vi(f) = 2[(A; + BK)x(t) — BiKie(l)]TPix(l)
= 2xT(0)(A; + BiK)"Pix(t) — 2¢ (1)K BIPix(1) .
< 2XT(0)(A; + BK) Px(t) + €' (t)e(t) (13)
+xY()PBKK{ BT Px(r)
<XTO0x() + &

where O, = A'P; + K/ B'P; + PA; + PBK.K;BP;+nl +PBK,
By utilising Schur complement lemma, inequality (9) is equivalent
to Q; < 0. Thus, we have from (13) that

Vit) < = A = O) | x() I + ¢
ﬂmin( - Ql)

S TP
- 5,“/,'([) + ¢

xT(OPx(t) + € (14)

where §; = (Anin( — 0))/ (Anax(P;)) > 0. Integrating (14) from ¢; to ¢
yields

t
Vi) <0V + e / e 9y (15)

fi

Moreover, inequality (10) implies that V() < uV, () for
Vili_y€ M. Let I, =IUt,1)=Nyt,1) < ((t—1)/7) + Ny and
6 = miny; ¢ 4 & > 0. From (15), we have

Vo) = Vi) <™ v, @) + 5(1-e70)
< e*(s(l*li)ﬂ(ef!s(lrli—1)V[i_l(ti71)

+§(1 _ e—ﬁ(ti—ti_l))) + %(1 _ e—&t—tn)

—6(t-t;_ 1)
<e lllvli_](li—l)
ER( -oa-t1y _ —6t-tip E(1 _ -0t
+ 5 (e e )+ 5(1 e )
—0t-ti_1), 2 -
<e H Vl,-_z(ti—l)

+%(6—5U—t[) _ e—é(r—t[, 1)) + %(1 _ e—&(t—r,))
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I
8t -1 | £ _S(t— St —
< < tU)MIOVl()(ZO)J’- lg (e -1 _ =0 rn)

Iy
EH ( e—éu—ts) _ e—é(t—tz))

5
Foee %/42(6,&,,,,,7 D_ e—é(l—nfz))
EU( —sa-ty  su-ti_p\, € -1y
S )+ 5(1-e")
—5 -1 Iy €
< MO Vi - 5]
eu—1) 12 ] .
fEUZ DN mpti—tiom | €
5 & 5 (16)
No 7(5—(ln;4/ra))(tfto)( P )
< e V, (f) — —
H ot o
e(u—1) s & mdnu -6ty , €
+Te a’to Z e a +S
m=0

where 7; is the minimum dwell time. From Lyapunov function
(12), we have

Vit) = x"(OPx(0) > AP || x@) |I°
> min QP 20 IF =axo ) 17
Vi e M

and

Voup(to) < Jnax, AEY) I x@) IP =Bl x@ I° (13)

where  a= miny,c.s (AP)), f = maxy,c.q (A(P)). Thus,
combining (16) with (17) and (18), we have

2 l
I x(1I” < 2 Vi

B No_~(6-dnwrzy)e - to) 2 £
< = & —_——_—
sSghe Il x(20) |l Sup (19)
(u—1) &
e(y — 5t,No m(ny - 57y £
+E e mgoe +os.

The condition 7, > (Ing)/§ in Theorem 1 implies that
6— ((np)/z,) > 0 and In u — 67, < 0. Then from (19), we have

(5- N — €
20 I < By @ mormneof sy P - 55
N 8(,"‘ _ 1)6513(N0+ b} e (

ad(@™ —p) @

under which uniform boundedness of system (8) can be
guaranteed.o

Remark 4: If ¢ = 0 in (5), then the result of Theorem 1 can be
degenerated to the following corollary.

Corollary 1: Consider system (1) with controller (7) determined
by triggering condition (5) with € = 0. For given scalars > 0 and
u > 1, if there exist matrices P; > 0,P; > 0 and K; for Vi, j € ./
such that inequalities (9) and (10) hold, then system (1) is
exponentially stable for any switching signal with average dwell
time satisfying z, > (In u)/8, where 6 > 0 can be computed from
the feasible matrix solutions of (9) and (10).
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4 Observer-based event-triggered control
4.1 Asymptotic observer

For subsystem i, we construct observer
() = AR() + Bu(t) + Ly (1) = (1) @1

where x(¢) € R" is observer state, L; is observer gain of subsystem
i. Suppose that state observer is collocated with sensor and multiple
sub-observers possess the same switching law with system (1). We
form switching observer

(1) = Ag(1) + Buty(1) + LyCo(x(t) = (1)) . (22)
Let error be e(f) = x(t) — x(¢). Then error system
e(r) = (As — LoCoe() (23)

can be established from (1) and (22).
The following lemma presents design of asymptotic observer.

Lemma 2: Consider system (23). For Vi € /, if there exist
matrices R; > 0 and X; satisfying

AR — CIXT + RA; - X,C; < 0, (24)

then (21) is an asymptotic observer of subsystem i and gain L; is
given by L; = R;'X;.

4.2 Sampling mechanism

We assume that event detector and sampler are collocated in a
same node and denote the instants when an event happens by
()5, with 7, < fr,.. Let é(r) = x(t) — (7). Construct event-
triggered condition

@) II* > nll 2@) I + & (25)

where ¢ and 7 are positive parameters. With the state X(f;) sampled
at time 7, the next sampling instant 7, , can be determined by

frer = inf {t> 11 @) IIP = nll £@) I’ + €} . (26)

Under the triggering condition (25), we construct an observer-
based feedback controller. Suppose that » samplings occur on
interval [f;,%.,) and fx,, is the first sampling instant on this
interval. According to switching sequence (2), we set piecewise
continuous controller

K&y, t € [t tis)
Kxi ZAk , 1 E le ,l?k
‘= = X(tks1) (k15 trs2) @7

Ki)e(szrn)y re [tk+n, zi+1)

where K; is the controller gain of subsystem i.

4.3 Stability analysis

According to switching sequence (2), subsystem /; is active on
[t ti+1). Suppose that n samplings occur on interval [#;,7;,,) and
frs, is the first sampling instant on this interval. For
V1 € [t tha ) [Tk s Thaa)s oo [Tk B ), €ITOT €1) = 3(0) = ¥(0x )
holds for all j=0,...,n. Substituting controller (27) into (21)
yields
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X0 = ARW) + By, ) + LiCie(0)
= AX(t) + BKi(x(t) — é(t)) + LiCie(t) (28)
= (A, + BlKl))/(\f(f) + L,-C,-e(t) - B,'K[é([) .

Together with (23) and (28), for t € [#;, #;, 1), we have

29

(1) = (A; + BK)X(0) + LCie(t) — BiKié(1)
&) = (A; — LiC)e(r) .

We know from e(f) = x(f) — x(¢) that system (1) is stable under
feedback control (29) if and only if augmented system

)e(t) = (Ao- + BO'KO'))%(Z) + Laco'e(l) - BaKo'é([) (30)
e(r) = (A, — LCple(t)
is stable. The compact form of (30) can be written as
&(1) = AE() + BLé(D) (1))
where
X _ A, + B,K, L,C,
f(l‘): )C(l)’ = ot DKy oo ],
e(t) 0 A, — L;C,
_ [—B(,K,, 0] - lé(t)]
B, = , et)= .
0 0 0

We thus focus on system (31). The following theorem gives main
result of this section.

Theorem 2: Consider system (31) with sampling instants
determined by (25). For given scalars # >0, > 1,6 >0 and
Ny > 1, if there exist matrices P;>0,P;>0,K; and L; for
Vi, j € M satisfying

O PLC: PBK;

« sz 0o |<0 (32)
* * -1
and
P; < uP;, P;<uP; (33)
where

Al T TpT
Q; =A;iPi+K; B P;+ PBK; + PA;,
A22

Qi = PA; - PLCi+ A'P,— CILTP,

then system (31) is globally uniformly bounded for any switching
signal with average dwell time satisfying 7z, > (In )/8, where § > 0
can be computed from feasible matrix solutions of (32) and (33),
and the state of system (31) exponentially converges to the
bounded region

86573((/l — N4 l) —eu

- 5z (34)
miny, ¢ .4 (A(P))5(e™ — )

B(e) = [é(l)l <@ I S\/

Proof: The proof is analogous to the one of Theorem 1, thus it is
omitted. O

5 Minimum inter-event interval

Event-triggered control brings more complicated dynamic
behaviour to switched systems than time-triggered control. In
event-triggered control, the execution of control tasks occurs
aperiodically and inter-event intervals are varying. Therefore, we
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Fig. 2 Simulation  results  with condition
lhe@ I = N x@) I* +1

(a) State responses, () Event-triggered condition, (¢) Switching signal, (d) Control

event-triggered

input

need to show that there always exists a non-zero lower bound of
the minimum inter-event interval for event-triggered condition to
exclude Zeno behaviour. In order to highlight the proof process, we
only consider observer-based event-triggered control. The proof of
the lower bound of minimum inter-event interval in state-based
event-triggered control can be easily deduced from the following
analysis.

Theorem 3: With event-triggered condition (25), the minimum
inter-event interval is lower bounded by a positive scalar.

Proof: Suppose that n samplings happen on interval [¢;,#,,) and
fks1s-rfg,n are n sampling instants, respectively. On sampling
intervals [t,-,tAkH), [fk+l,fk+2),,.,,[tAkM,t,-H), no matter which
sampling interval ¢ belongs to, X(fx,;) are constants and
é(t) = X(t) — X(ty, ),  where [=0,1,..,n. Then, for
V1 € [t k), [Tty Ths2)s oo [Tk o i), We have

&ty = X(0) = Ak(D) + BKA(x,1) + LiCie(t) )
= Al(t) + (A + BK)X(iy, ) + LCie(?).
Hence

dDy = eMikeid(dy, )

' Ailt - ) At (36)
+ / M (A + BK)(ir,1) + LiCie(s)) ds .
Tkt

Since é(fy , ) = X(ix, ) — X(ix, ) = 0, then

t
&) = / (A + BK)A(ty ) + LiCie(s)) ds. (37)
Tkyr

Therefore

t
léwll < f NI A+ BKD 1| I £ |

k+1

+ LG 1l els) I )ds
C ) (3%
< / "MV A+ BK) || X |l
Tk+1
+ | LG || || eZn=1n=LaCoos || || £(0) || )ds .

Noticing that A,,—L,C,, are Hurwitz for Vm=1,...,i with
/1|nax(Am - mem) < 07 we have

1004

t
el < / e NI A+ BKD 1 3G
k+1

+eZn=1Cman=LuCd2s | LC; || || €(0) | )ds  (39)

t
2 I Aill @ ~s)
< ¢(tk + l)/ e ds
Tk+1
where

P = 1 A+ BK) || 1 X |l
e Zn =1 G~ LG || LG, || || e0) |

If || A; || # 0, we have

am)

em || <
le® |l < TA

(euA,-lw—?kH)_ 1). (40)

According to (25), the next event will be generated when
Il é@) II> =75 |l @) ||° + . Hence, a lower bound on inter-event
interval denoted by T =1 — f4.; can be determined by

qli—(tﬁ.* |l|)(e"/"‘"T— D=y 1 30) I +e. S

Thus

A; &
L (AN +e @)

TETAT e

which means that for any given sampling instant 7, T > 0. If
|| A; || =0, we have

TG ) =\n Il 20) I’ +¢ (43)

which also indicates that 7 > 0. With the above discussion, it can
be concluded that there always exists a positive lower bound of the
minimum inter-event interval for event-triggered condition (25). O

6 Numerical example

In this section, we present a numerical example based on state-
based event-triggered control method to show the advantage of the
proposed method.

Example: Consider system (1) with two subsystems, where

-04 O 1
A = , Bi= P

[ 0.7 —0.7] H

-0.6 05 1
A= , B,= 1k

03 -0.6
Let parameters be y = 1 and y = 1.1. Choose K, = [-0.8 —1]
and K, =[-0.7 —0.7]. By solving inequalities (8) and (9) in
Theorem 1, we obtain

_[09546 —0.2768 b 0.9442  —0.2602
"7 1-02768 08332 " |-02602 0.8677 |
_[-0.4823 03833 0 - —0.7883  0.5479
"7 103833 -07715 7| 05479  —0.7903|
6 is computed by
. j’min(_Qi))
5= min |————|=0.1864
i=1,2( Amax(P;)

form the feasible solutions, and then the minimum average dwell
time is obtained by 7, = (Inu)/5 = 0.5113. Choose a switching

sequence 7, > 7, and an initial state x, = [ — 2 3]T. In order to show
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the advantage of the proposed method, we take ¢=1,0.1,0,
successively.

Under event-triggered sampling mechanism (4) with different
values of & and a common switching rule satisfying 7, > 7,, we
obtain simulation results shown in Figs. 2—4, respectively, from
which, we can see that sampling times reduce when ¢ becomes
large and state trajectories are influenced by the change of e.
Therefore, selecting appropriate parameter ¢ can save the cost
while maintaining the performance of closed-loop system.

7 Conclusions

An improved event-triggered sampling mechanism is adopted into
controller design for switched linear systems and a globally
uniformly bounded condition of the closed-loop switched system is
achieved in the framework of average dwell time technique. A
lower bound of the minimum inter-event interval is derived to
avoid Zeno behaviour in event-triggered sampling process.
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